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SPECTROSCOPY L E T ' I m ,  9 ( 9 ) ,  545-573 (1976) 

ON THE THEORY OF BRILLOUIN SCATTERING IN 

PIEZOELECTRIC SEMICONDUCTORS WITH ACOUSTIC 

PHONON-CONDUCTION ELECTRON INTERACTION 

0. K e l l e r  

P h y s i c s  L a b o r a t o r y  
Royal Veter inary and Agricul tural  Universi ty  

Copenhagen, Denmark  

The theo ry  of nonresonant Bri l louin s c a t t e r i n g  in  anisotropic  
piezoelectr ic  semiconductors  with deformation potential  coupling 
and piezoelectr ic  coupling between exci ted s y s t e m s  of acoust ic  
phonons and conduction e l ec t rons  is reviewed. The sca t t e r ing  
efficiency is calculated using the appropr i a t e  dyadic e l ec t romag-  
netic Green ' s  function. The  depletion of the s c a t t e r e d  intensi ty  
a r i s i n g  f r o m  a non phase -ma tched  s c a t t e r i n g  k inemat i c s  and f r o m  
a spa t i a l  exponential  decay of the sound ampli tude is taken into 
account. The contributions to  the Bri l louin s c a t t e r i n g  f r o m  the 
f r e e - c a r r i e r - s c r e e n e d  indirect  photoelastic effect  and f r o m  the 
f r e e - c a r r i e r  densi ty  modulation a r e  e x p r e s s e d  in t e r m s  of the 
self-consis tent  e l e c t r i c  field.  Th i s  f ie ld  is obtained f r o m  a Boltz- 
mann-equation calculation of the effective a c  conductivity t e n s o r .  
The acoust ic  d i spe r s ion  of t he  Bri l louin-scat ter ing efficiency is 
cons ide red ,  and s o m e  possibi l i t ies  of de t e rmin ing  e l ec t ron ic  t r a n s  - 
port  p rope r t i e s  by means  of Bri l louin s c a t t e r i n g  are  outlined. 

I. INTRODUCTION 

The pu rpose  of this  review is to  p re sen t  the bas i c  concepts  

of the s e m i c l a s s i c a l  t heo ry  of f i r s t - o r d e r  Bri l louin s c a t t e r i n g  in  

pie z o  e le  c t r i c s e m  i co nduc to  r s with acoust ic  p ho no n- conduction 

e l ec t ron  interact ion [ ' 1. 
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546 KELLER 

By using the dyadic electromagnectic Green's function appro-  

pr ia te  to scat ter ing in optically anisotropic c rys ta l s  a formal  ex- 

press ion  for  the differential scat ter ing efficiency is obtained. 

Assuming that the optical and acoustic waves a r e  monochromatic 

the scat tered power i s  given a s  a sum of contributions f rom the 

spatial  Four i e r  components of the scat ter ing fluctuation. The 

anisotropic Bragg equations appropriate to a phase-matched scat-  

t e r ing  kinematics  a r e  derived, and the depletion of the scat tered 

intensity due to an imperfect  phase match is calculated. 

The interaction of the conduction electrons and the acoustic 

phonons is dominated by the piezoelectric coupling and the de-  

formation potential coupling. Assuming the coupling to be weak 

the phonon-induced perturbations of the dielectr ic  constant a r i s -  

ing f rom the f r e e - c a r r i e r  screened indirect  photoelastic effect 

and f rom the f r e e - c a r r i e r  density modulation a r e  evaluated in 

t e r m s  of the self-consistent predominantly longitudinal e lec t ro-  

s ta t ic  field accompanying the acoustic wave. The self-consistent 

f ield is in tu rn  expressed by means  of the effective frequency- 

and wave vector-dependent ac conductivity t enso rVef f  (0, K ), 

and a Boltzmann-equation calculation of 0 

A detailed t reatment  of the scat ter ing f rom an exponentially de- 

caying ( o r  growing ) acoustic wave, descr ibed quantum mecha-  

nically by the phonon occupation numbers ,  i s  given. 

3 

w -+ (n, K ) is outlined. eff 

Finally,  based on an analysis of the vectorial  acoustic d i sper -  

sion of the Bril louin-scattering efficiency some possibil i t ies of 

determining a 

measurements  a r e  discussed. 

H + 
( C L ,  K ) f rom phase-matched Bril louin-scattering eff 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
4
:
2
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



THEORY OF BRILLOUIN SCATTERING 547 

11. G R E E N ' S  -FUNCTION FORMALISM 

In th i s  sect ion we p r e s e n t  a f o r m a l  desc r ip t ion  of the in-  

e l a s t i c  s ca t t e r ing  of a monochromatic  opt ical  wave by a s ingle-  

f r equency  fluctuation in the d i e l ec t r i c  constant  of a semiconduct-  

ing c r y s t a l .  

The  unperturbed opt ical  wave propagat ion i n  a direct ion 

given by the unit wave vec to r  ^s can  be de t e rmined  by solving the 

eigenvalue problem 

<+ 
w h e r e  1 is  the unit t enso r .  In a conducting c r y s t a l  the complex 

d i e l ec t r i c  t e n s o r  t a k e s  the fo rm 

++L w h e r e  E 

the  e l e c t r i c a l  conductivity a t  the opt ical  f requency w/( 2 

absorbing c r y s t a l  the eigenvalue p rob lem of Eq. ( 1 ) l e a d s  to 

solutions in  f o r m  of plane,  damped ,  ell iptically po la r i zed  waves  

desc r ibed  by complex f ie ld  e igenvec to r s  2' ( s, w ) and complex 

r e f r ac t ive  indices  n q  ( z ,  w ) = n' t inICP,  (Y = 1 ,  2 .  

(w ) is  the d i e l ec t r i c  t e n s o r  of t he  l a t t i c e ,  and D o  (CU ) is 

). In a n  

/r 

R 
F o r  a f i r s t - o r d e r  s ca t t e r ing  p r o c e s s  conse rva t ion  of ene rgy  

impl i e s  

t 
UJd = UJ. - 1 2  ( 3 )  
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548 KELLER 

where w. 

and diffracted photons and the scat ter ing fluctuation. The plus 

sign corresponds to  an anti-Stokes prcicess and the minus sign 

to  a Stokes process .  F o r  phonon-induced scat ter ing one has  w = 

wd 'i' 

w d ,  and 12 a r e  the angular f requencies  of the incident 
1' 

The amount of electromagnetic radiation generated by the 
3 

Four i e r  component 6 P( ;, w ) of a nonlinear driving polarization 

can be obtained by solving the inhomogeneous time-independent 

wave equation for  the diffracted field ( E d (  ?, w ) ) 
4 

+ 
w h e r e 9  i s  the gradient operator .  Formal ly  the solution of Eq. (4) 

is 

where the integration extends over  the interaction region. The 

dyadic Green ' s  function which i s  the reciprocal  of a differential  

operator  can be found by a Four i e r  t ransform with respec t  to 

-9 
space. Introducing the complex vector quantity k = (  k t i k  ) $  R I  
one finds " 9 2 1  
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THEORY OF BRILLOUIN SCATTERING 549 

-3 e - 3  
with R = ? - ? I .  The  r e c i p r o c a l  of t he  dyadic a ( w ,  k )  can  be ex -  

p r e s s e d  in  t e r m s  of the e igenvec to r s  and eigenvalues  f o r  the un-  

pe r tu rbed  wave propagation. F r o m  a decomposi t ion into eigen-  

modes  follows [ Z I  

H - 1  + a ( w , k ) =  
l i m  2 -0 I 

In Eq. ( 7 ) a t e r m  containing the eigenvector  c o r r e s p o n d -  

ing to the nonpropagating mode ( n3 = ") h a s  been omi t t ed  s ince 

i t  does  not contr ibute  to the G r e e n ' s  function in  the  asymptot ic  

l i m i t  IRI - 0 0 .  

In the  following the  t r e a t m e n t  is l imi t ed  to  semiconduct ing 

c r y s t a l s  and i t  is a s s u m e d  that  the damping of t he  opt ical  wave 

c a n  be neglected.  F u r t h e r m o r e ,  effects  a r i s i n g  f r o m  the  f r e e -  

c a r r i e r  contribution to the  Green ' s  function [ ' j and r e sonance  

effects  n e a r  t he  in t r in s i c  abso rp t ion  edge [ 

s ide red .  

will  not be con- 

L e t  u s  cons ide r  the ine l a s t i c  s c a t t e r i n g  of a photon f r o m  the 

- t e  eigenstate  0 ,  k 

l inea r ly  po la r i zed  wave the  e l e c t r i c  f ie ld  is given by 

into the  s t a t e  (p, 2'. F o r  a plane,  undamped 

( 8 )  
+ E i = E  + e  ( w i ,  - 0  k ) e x p [  i ( z e  . ? - w i t ) ]  , 

- 2 8  = -9  w h e r e  the  wave vec to r  k 

+ B  E 

tion the  Green ' s  -function f o r m a l i s m  r e s u l t s  i n  t h e  following 

I k 2. and the  field e igenvector  

= IzOl 2' a r e  equal  quant i t ies .  In the  f a r - f i e ld  approx ima-  
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550 KnLER 

rat io  between the sca t te red  power per unit solid angle around the 

direction of observation ( P' ) and the power in the incident pa- 

ra l le l  beam ( P ) 
0 

where  the tensor  

V2 
- 
A 

( 9 1  

In Eq. ( 10 ) the spat ia l  fluctuation in the relat ive dielectr ic  tensor,  

E '2 (2 ,  il ), has been introduced. The unit f ield eigenvectors ( e 

$9, the Gaussian curvature  of the o ( k  ) -surface ( x ' ), and the 

refract ive indices ( n', n') occurr ing in Eq. ( 9 ) a r e  those 

associated with the propagation vectors  2' and 2'. The angular 

deviations between these wave vectors  and their  re la ted Poynting 

vectors  have been denoted by 6 

a r e a  of the incident light beam is A ,  and the sca t te r ing  volume 

i s  V. 

, 
-3 

and 6 '. The c r o s s  sectional 

Let  us decompose 6? (I", R ) into i ts  spatial  Four i e r  compo- 

nents,  i . e . ,  

ET ( ? , n ) = -  C 6 ? r ( Q , K ) e x p ( - 1 K -  --5 t . +  + r ) ,  ( 1 1 )  
1 

vs d 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
4
:
2
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



THEORY OF BRILLOUIN SCATTERING 551 

-+ 
w h e r e  the  sum i s  o v e r  t he  d i s c r e t e  s e t  of K allowed when p e r i o -  

dic boundary conditions a r e  in t roduced  o v e r  a no rma l i za t ion  

volume V . Combining Eqs.  ( 9 ) and ( 1 1  ) one  obta ins  

with 

-3 
r 

111. PHASE -MATCHED SCATTERING K I N E M  AT IC S 

It follows f r o m  Eq. ( 1 3  ) that  a n  apprec i ab le  amount  of 

s c a t t e r e d  rad ia t ion  o c c u r s  only in  d i r ec t ions  given by the  p h a s e -  

matching  condition 

In a pa r t i c l e  p i c tu re  t h i s  r e l a t ion  e x p r e s s e s  the  conse rva t ion  of 

pseudomomentum in the  sca t t e r ing  p r o c e s s .  The  se lec t ion  r u l e  

of Eq. ( 14 ) l e a d s  to the  an i so t rop ic  B r a g g  equat ions  ( h d < < w l  ) [ 4 1  

and 
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552 KEUW 

which allow 

ent id, K-components of the d i e l ec t r i c  fluctuation. T h e  an i so -  

t rop ic  Bragg  angles  have been denoted by 0' and Q', the  vacuum 

wavelength of the incident l ight by lo, and the phase  veloci ty  of 

the 9, K-mode by V = V 
P P  

ing component is f .  In opt ical ly  i so t rop ic  so l id s  Eqs. ( 15 ) and 

( 16 ) a r e  reduced to  the n o r m a l  Bragg  law. 

us via  the s c a t t e r i n g  geomet ry  to s e l e c t  the d i f f e r -  

+ 

+ -3 
(L, K ) .  T h e  frequency of the s c a t t e r -  

If the s c a t t e r i n g  volume is a r ec t angu la r  paral le l lepiped 

( V = n L. ) one obtains f o r  a s c a t t e r i n g  p r o c e s s  w h e r e  the  d e g r e e  

of m i s m a t c h  in  the wave vec to r s  is given by Q = z e  i 1  -+ "K - z' 
Qi Li 

2 
s i n (  - 1 

c z =  T l  , 
i = l  Qi Li  

2 

4+ + 
a p a r t  f r o m  a phase  f ac to r  which c a n  be abso rbed  in  6 8 

Thus ,  if  the  l ight is s c a t t e r e d  f r o m  a s ingle  mode the  intensi ty  

wil l  be proport ional  to \ C + \  . 

(fi, K ) .  

2 
K 

I V .  PHONON-INDUCED PERTURBATION OF THE 

DIELECTRIC TENSOR 

In the following the pe r tu rba t ions  in  the opt ical  d i e l ec t r i c  

t e n s o r  caused  by the spatial F o u r i e r  components of a n  acous t i c  
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THEORY OF BKILLOUIN SCATTERING 553 

dis turbance a r e  discussed.  To d e s c r i b e  the acoust ic  phonon mode 

w e  introduce the t ime-dependent  a tomic displacement  vec to r  

given by 

+ 
where  u: (a;, K )  i s  the ampli tude of the F o u r i e r  component and 

h ’ is a unit vec to r  in the d i r ec t ion  of polar izat ion of the mode. 

The index c. labels  the different branches in the phonon d i s p e r -  

s ion relat ion connecting the angular  f requency SL and the phonon 
-3 A h  

wave vector  K = I K I x. 

In a piezoelectr ic  semiconductor  the phonon-induced f luctua-  

t ions in the d i e l ec t r i c  t enso r  can  be decomposed into 

The f i r s t  t e r m  a r i s i n g  f r o m  the fluctuation i n  the s t r a i n  t enso r  

and the m e a n  rotat ion t e n s o r  gives the d i r e c t  photoelastic effect. 

The second t e r m  r e p r e s e n t s  the f r e e - c a r r i e r  s c r e e n e d  ind i r ec t  

photoelastic effect ,  that  i s ,  the  s u c c e s s i o n  of the f r e e - c a r r i e r  

s c r e e n e d  piezoelectr ic  effect  and the electroopt ic  effect. The 

t h i r d  t e r m  d e s c r i b e s  the contribution f r o m  the phonon-induced 

f r e e - c a r r i e r  density modulation. 

A .  D i r e c t  p h o t o e l a s t i c  e f f e c t  

F o r  s m a l l  s t r a i n s ,  the contribution to the i n v e r s e  d i e l ec t r i c  

t enso r  a r i s ing  f r o m  the d i r e c t  photoelast ic  effect  c a n  be ex-  

p r e s s e d  as a l inear  function of the s y m m e t r i c  and an t i symmet r i c  

combination of displacement  g rad ien t s ,  i. e. [ 5 1  
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554 KFLLER 

w h e r e  the f i r s t  t e r m  gives the Pockel  contribution to the d i r e c t  

photoelastic effect  and the second t e r m  gives the rotat ional  con- 

tr ibution. The t r a n s p o s e  of t he  t enso r  $2 has been denoted by 

+-3 Vu. The  photoelastic t e n s o r g S  is s y m m e t r i c  upon interchange 
d 

-as of the “acoust ic”  indices ,  whereas  p , which can  be calculated 

f r o m  the opt ical  d i e l ec t r i c  t e n s o r ,  is an t i symmet r i c  in t h e s e  

indices.  

When Eq. ( 2 0  ) holds,  one obtains f r o m  the d i r e c t  photo- 

e l a s t i c  effect the contribution [ ‘ - ] 

to the F o u r i e r  amplitude of the fluctuation of the d i e l ec t r i c  

t enso r .  The  s ingle  photoelastic t e n s o r  p ( w  ) given b y T ( w  ) = 

p 

the“acoustic” indices.  

c3 

-5 ( w  ) tyas ( W  ) is nei ther  s y m m e t r i c  nor an t i symmet r i c  i n  

R .  S c r e e n e d  i n d i r e c t  p h o t o e l a s t i c  e f f e c t  

An acoust ic  wave propagating through a piezoelectr ic  s e m i -  

conductor will  be accompanied by a predominant ly  longitudinal 

self-consis tent  e l ec t ros t a t i c  field a r i s i n g  f r o m  the piezoelectr ic  

polar izat ion s c r e e n e d  by the f r e e  c a r r i e r s .  T h i s  self-consis tent  

f ield,  ?sc Z, IF I 1(, c a u s e s  via the l i nea r  e lectroopt ic  effect  a 

f luctuation in the i n v e r s e  d i e l ec t r i c  t enso r  given by 

- 3 , -  

s c  
[ 1 ,  10 1 
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THEORY O F  BRILLOUIN SCATTERING 

c3 
where  r (L?' ) i s  the electroopt ic  t e n s o r .  

The interact ion of the f r e e  c a r r i e r s  and the acoust ic  phonons 

o r ig ina t e s  mainly f r o m  the p i ezoe lec t r i c  coupling and the deform- 

ation potential  coupling. At low f r equenc ie s  the f i r s t  coupling 

mechan i sm tends to dominate  w h e r e a s  a t  high f r equenc ie s  the 

second is  the m o r e  impor t an t ,  even  in s t rong  p i ezoe lec t r i c  

c r y s t a l s .  
i 1 1 ,  12  ] 

The c r i t i c a l  quantity in de t e rmin ing  the  f r e e - c a r r i e r  screen-  

ing of the electron-phonon in t e rac t ion ,  and thus  the self-con-  

s is tent  f ie ld ,  is the effective f r equency-  and wave vec to r -de -  

pendent a c  conductivity t e n s o r  0 ( C L ,  K ) ( s e e  sect ion VI I  ! 

Combining the consti tutive equation f o r  the phonon-induced 

c u r r e n t ,  the Maxwell equat ions,  the continuity equation, and 

the adiabatic piezoelectr ic  equation of s t a t e ,  one obtains  fo r  

the F o u r i e r  component of the self-consis tent  f ield the ex -  

p r e s  s ion 

4+ + 1 ' 2  1. 
eff 

+ 
F s c  

( 2 3  ) 

c) 

where  E is  the deformation potential  t e n s o r ,  7 is the piezo-  

e l ec t r i c  t e n s o r ,  ? ( ( 2  ) i s  the low-frequency d i e l ec t r i c  t e n s o r  

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
4
:
2
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



556 KELLER 

of the la t t ice ,  and q is  the numer ica l  magnitude of the electron 

charge . 
It is  seen  that the screening  of the piezoelectr ic  f ie ld  is 

contained in  the complex quantity 

1 t i  

Combining Eqs. ( 22 ) and ( 2 3  ) one finds that the con- 
-+I + 

t r ibut ion to 6 

d i r e c t  photoelastic effect can be wri t ten 

(a, K )  f r o m  the f r e e - c a r r i e r  sc reened  in-  

In the l imi t  of zero  conductivity Eq. ( 2 5  ) is  reduced to the well 

known resu l t  [ 2 1  

C .  F r e e - c a r r i e r  d e n s i t y  m o d u l a t i o n  

The buncing of the f r e e  c a r r i e r s  induced by the acoust ic  

phonons via  the piezoelectr ic  coupling and the deformation po- 

tent ia l  coupling gives  r i s e  to  a modulation of the optical  dielec-  
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557 THEORY OF B R I U O U I N  SCATTERING 

t r i c  constant.  For a nondegenerate solid s t a t e  p l a sma  one ob- 

t a ins  in the low wave vector  l imi t  “ 1  

3 
where  n ( Q ,  K 

densi ty  modulation, and p ( w  is the f r e e - c a r r i e r  mobili ty t en -  

s o r  a t  the optical  f requency.  For a coll ision dominated p l a sma  

is the F o u r i e r  amplitude of the f r e e - c a r r i e r  1 
43 

( J; T << 1 ,  T 

( 2 7  ) t a k e s  the form 

being the e l ec t ron  momentum relaxat ion t ime)Eq. 
P P c 13, 74 1 

where no i s  the equi l ibr ium f r e e - c a r r i e r  densi ty ,  and a. is the 

dc conductivity t enso r .  F o r  a col l is ionless  p l a s m a  ( w  T >> 1 ) 

one obtains 
P 

[13, 14 1 

7 .  where  UI 

quency to  the anisotropic  case .  

is a general izat ion of the squa red  angular  p l a s m a  f r e -  
P 

The f r e e - c a r r i e r  densi ty  modulation n ( ( 2 ,  b )  c a n  be e x -  1 

p r e s s e d  in  t e r m s  of the self-consis tent  f ield ( Eq. ( 23 ) ) by 

combining one of the Maxwell equations,  the continuity equa- 

t ion,  and the consti tutive equation f o r  the ac cu r ren t .  As a 
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558 KELLER 

r e s u l t  of such a calculat ion one obtains  f r o m  the f r e e - c a r r i e r  

densi ty  wave the contribution 

t o  the F o u r i e r  amplitude of the d i e l ec t r i c  fluctuation. 

V. EXPONENTIALLY DECAYING LATTICE W A V E  

An e l a s t i c  wave propagating through a c r y s t a l  will  be 

damped o r  amplified due to  its interact ion with i t s  “ s u r -  

roundings”. If the interact ion is weak the damping ( o r  ampl i -  

f icat ion ) becomes  exponential. The mos t  important  contr ibu-  

t ions to the  frequency-  and wave vector-dependent sound at tenu-  

ation coeff ic ient  T’(CI, 3 )  a r i s e  f r o m  the f r e e - c a r r i e r - p h o n o n  

in t e rac t ion  (‘L 

f r o m  the Bri l louin-scat ter ing p r o c e s s  (f Br ), f r o m  boundary 

el-ph 
), f r o m  the e l a s t i c  anharmonici ty  ( rph-ph ), 

sca t t e r ing  (r ’ ), and f r o m  impur i t i e s  o r  c r y s t a l  defects  ( f I ). 

Thus ,  

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
4
:
2
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



THEORY OF BRILLOUIN SCATTERING 559 

In a p i ezoe lec t r i c  semiconductor  t he  m a i n  contr ibut ion to 

is due to the  p i ezoe lec t r i c  coupling and the  de fo rma t ion  

potential  coupling. It is wel l  known that  a s t imu la t ed  phonon 

e m i s s i o n  o c c u r s ,  i. e. ,  L < 0 fo r  t he  p i ezoe lec t r i ca l ly  a c -  

t ive modes if the component of the f r e e - c a r r i e r  d r i f t  velocity 

in  the direct ion x ,  by application of a sufficiently high ex te rna l  

e l ec t r i c  f ie ld ,  exceeds the phase  velocity of sound i n  this  d i r e c -  

tion. In a c e r t a i n  region of phonon f r equenc ie s  th i s  can  l ead  to  a 

T. e l -ph  

n 

net gain of t he  acoust ic  wave (I' L L +  (Cj, K ) 0 ) [ 1 1 $  l 5  1. Expli-  

e l -ph . cit  exp res s ions  f o r  r is given in  sec t ion  VI. 

A general  desc r ip t ion  of l-ph-ph f o r  a r b i t r a r y  62 T p h  ( 7 ph 
P P  

being the  phonon l i f e t ime  ) h a s  been developed on bas i s  of a 

Green 's  -function method. Relat ively s i m p l e  r e s u l t s  can  be ob-  

ta ined in  the l imit ing c a s e s  i Z i  

11 7 ph>> 1 ( Landau-Rumer  l o s s  ). F o r  the Akhieser  mechan i sm 

it is a s s u m e d  that  t he  acoust ic  wave d i s t o r t s  t he  l a t t i ce  leading 

to a relaxat ion de te rmined  by the t h i r d - o r d e r  e l a s t i c  constants .  

<< 1 ( Akhiese r  loss  ) and 
Ph 

P 

According t o  the Akhieser  t heo ry  the l a t t i ce  l o s s  will  be p r o p o r -  

t ional t o  02. F o r  Ci T ph >> 1 the  attenuation of t r a n s v e r s e  acoust ic  

waves is de t e rmined  by three-phonon s c a t t e r i n g  p r o c e s s e s ,  

while f o r  longitudinal waves four-phonon p r o c e s s e s  a r e  appro -  

p r i a t e .  F o r  longitudinal modes  uncertainty broadening h a s  to  

be cons ide red  s i n c e  s c a t t e r i n g  can  occur  only with phonons of 

l a r g e r  sound velocity.  At not too low t e m p e r a t u r e s  the Landau-  

R u m e r  l o s s  wil l  be proport ional  t o  61. 

P 
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560 KELLER 

In this work we shal l  neglect the damping of the optical  and 

acoustical  waves a r i s ing  f rom the Bril louin-scattering process  

and only notice that this damping must be taken into account 

when dealing with intense scat ter ing effects. 

F o r  lorn frequencies or smal l  sample  dimensions the bound- 

a r y  scat ter ing can be important especially for  off-axis waves. 

At very  low tempera tures  o r  at very  high concentrations of 

impuri t ies  o r  c rys ta l  defects,  I?’ can  play a significant role  as  

a nonelectronic phonon scat ter ing mechanism. F o r  impurity 

sca t te r ing  

i s  proportional to  n. 
I i s  proportional to [I4, whereas  i t  for  dislocations 

Resolving the time-independent par t  of the atomic displace-  

ment for  an exponentially decaying ( o r  growing ) wave 

af ter  i ts  spat ia l  Four i e r  components ( denoted by 3 ) the  squared 

Four i e r  amplitudes a r e  given by 

+ 
where A K’ = g’ - 2. In the derivation of Eq. ( 3 3  ) it has  been 

assumed that the volume of the solid occupied by the acoustic 

wave i s  a rectangular  parallellepiped, i. e . ,  V = IT a .  ( Integra-  
i 1  
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THEORY OF B R I U M I N  SCATTERING 5 6 1  

t ion region ( 0 
a .  a .  

( - T I  7 ) the fac tor  exp ( - r r a i )  vanishes.  

a .  ) ). If the integrat ion by choice extends over  

1 1  

T o  obtain a quantum mechanical  descr ip t ion  of the la t t ice  

vibrat ions one must  make the following replacement  f o r  the 

squared F o u r i e r  amplitude of the displacement  

4 

where the plus sign cor responds  to a phonon creation(Stokes 

component)and the minus sign to  a phonon annihilation ( ant i -  

Stokes component ). The occupation number f o r  phonons of wave 

vector 3 is  N’ 
t 

and N Z -  is  defined by N$+ = N’ t 1 and N Z -  = 3’ 4 q d 9 

Combining Eqs .  ( 3 3  ) and ( 3 4  ) the occupation number for  

+ - +  the mode q - K ,  i . e . ,  N%can be expressed  in  t e r m s  of the 

squared amplitude I u: ( ? =  0 ,  

Thus,  

K 

) I  of the damped sound wave. 

r; a i  

1 2 2 s i n h  ( - 
t 0 3 2 -r: ai 

2 p (-2 

p p -  = D 

r.iJ. a .  3 P. 5-2 i = l  

) 2  
(- 

2 

V I .  E L , E C T R O N - P H O N O N  I N T E R A C T I O N  

In a piezoelectr ic  c r y s t a l ,  the t ime-independent par t  of the 

is given equation of motion f o r  the acoust ic  la t t ice  vibrat ions 
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KELLER 

w h e r e ?  i s  the e l a s t i c  s t i f fness  t enso r  for  constant  e l e c t r i c  field,  

and p o  is  the m a s s  densi ty  of the ion background. F o r  any di-  

r ec t ion  of the acoust ic  wave v e c t o r ,  specified by B, the  unit 

polar izat ion vec to r s  h’ c a n  be de t e rmined  approximately by 

solving the pu re  e l a s t i c  eigenvalue problem 

Below we shal l  give explicit  exp res s ions  f o r  the amplitude 

attenuation coefficient,  r e l - p h  (0, z),  and the acoust ic  phase ve-  

loci ty ,  V ( L 2 ,  K 
* 

in the weak coupling approximation,  i. e .  , f o r  
P 

n / v  (62, z)>> r e l -ph (c i ,  i t )  [ 10, 13 I .  
P 

Introducing the anisotropic  e l ec t romechan ica l  coupling con- 

s tant  

and the general izat ions to the anisotropic  c a s e  of the effective 

a c  conduc t iv i ty5  = x 
“ c 3  A - 4 -L X * Uo * x ,  the d i e l ec t r i c  re laxat ion f r equency  R 

the deformation potential  = K ’ * rr’ the anisotropic  phase 

velocity is given by ( zz << 1 ) 

N A H  A 

(Jeff - n, the dc conduct ivi tyu = 
0 

= U O / c  , and 

eff 

C 
d A 4 +  A 
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THEORY OF BRILLOUIN SCATTERING 563 

N z2 E t o  
d 

eff U 

and the amplitude attenuation coefficient as  

VII. CONDCCTIVITY TENSOR?(S~,  2 I 
A semic la s s i ca l  approach to the calculation of the ac  con- 

ductivity t enso r  u s e s  the Boltzmann equation to  de t e rmine  the 

+ +  e lec t ron  dis t r ibut ion function f ( r ,  v,  t ). F o r  e l ec t rons  in t e r -  

acting with a n  acoust ic  wave (n, 2) in the p r e s e n c e  of a n  ex- 

t e r n a l  dc e l ec t r i c  field + F the Boltzmann equation t a k e s  the f o r m  [ I 6 1  
0 
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56 4 KELLER 

where  the effective e l e c t r i c  f ie ld  act ing on the f r e e  e l ec t rons  in 

the p r e s e n c e  of the acoust ic  wave c a n  be wr i t t en  

The effective m a s s  of the e l ec t ron ,  a s s u m e d  to  be i so t rop ic ,  h a s  

been denoted by mx , and the energy-dependent e l ec t ron  momen- 

turn relaxat ion t i m e  by r 

ing Boltzmann s t a t i s t i c s  the equi l ibr ium dis t r ibut ion function 

f o  ( 5 )  i s  the well  known Boltzmann dis t r ibut ion.  The t e r m  

n a f / a  n a r i s e s  f r o m  the f ac t  that  the sca t t e r ing  is  local.  

e l  
P 
( E  ). Trea t ing  the e l e c t r o n s  a s  obey-  

1 0  0 
4 +  To d e t e r m i n e  the e l e c t r o n  dis t r ibut ion function, f ( r ,  v ,  t ) 

i s  decomposed a s  follows 

f = f ( v )  + g ( v )  exp  [ i ( K '  r - C l t ) ]  . ( 43 1 dc 

The f i r s t  t e r m  r e p r e s e n t s  the e l ec t ron  dis t r ibut ion function in  

the p r e s e n c e  of the dc f ie ld  but i n  the absence  of the acoust ic  

wave. Solving the dc p a r t  of Eq. ( 4 1  ) one f inds to  f i r s t  o r d e r  

e l  + + +  i n  the d r i f t  velocity ? = ( - q T p  (E )/m* )Fo  that f d c  = f o (  v - v ) 

i. e .  a displaced Roltzmann distribution. Neglecting the non- 

l i n e a r  t e r m  ( q/m* ) Feff * a g ( v ) / a  7, and taking the direct ion 

of the dc field to  be along the z - a x i s  the a c  p a r t  of Eq. ( 41  ) 

t u r n s  into a s imple  inhomogenous f i r s t - o r d e r  different ia l  equa-  

t ion i n  g (3 1. 

d d 

4 

The  phonon-induced c u r r e n t  is  given by 
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THEORY OF BRLLLOUIN SCATTERING 565 

where  

0 eff (n,9K)=[;4-T(SL,jK)j-l*' u ( h i ,  - + K )  . ( 4 5 )  

The de ta i led  ca lcu la t ion  of t he  phonon-induced c u r r e n t  shows tha t  

the  conductivity t e n s o r  c, o ( h ' ,  .-~ 3 K ) is given by [ I 1  

43 
and the  t e n s o r  R , a r i s i n g  f r o m  the  d i f fus ion  of t h e  nonuniformly 

d i s t r ibu ted  f r e e  c a r r i e r s , b y  
00 1, 

w h e r e  

VIII. S C A T T E R I N G  E F F I C I E N C Y  

The  sca t t e r ing  f r o m  a n  exponentially decaying  ( or growing ) 

-3 
acous t i c  wave  ( ( 1 ,  K ,  1.1 of po la r i za t ion  type  p, between the  l ight 

po lar iza t ion  s t a t e s  8 and c a n  be obta ined  by combining  the  r e -  

su l t s  f r o m  sec t ions  I1 - VII. Thus ,  f o r  r e c t a n g u l a r  vo lumes  of 

solids and  of s c a t t e r i n g  one  ob ta ins  f o r  t h e  r a t i o  of s c a t t e r e d  

to incident p o w e r s  C 6 * ' E  ( d P ' / d n  )/Pe 
P 
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566 KELLER 

T.a .  
1 1  

QiLi 

s i n  (- ) s i n h  (- ) 
3 2 2 -T.a. 
i7[ I 2 e  l l .  

i = l  QiLi r. ai 
( - ) ( -  ) 

2 2 

The m a t r i x  e lement  z"' is  given by 
IL 

c9 " c j  with the abbreviations 5 = g' - E r (  w ) - T-  
$'.? ( W ) * ? - ; * ?  ( a ) * e  h 6  , a n d ~ ( t ~ ) = ~ v * $ ? ( ~ ) . $ e .  

I-L x - Q ( LU ) s o ,  7 = 

E x p r e s s e d  in t e r m s  of the occupation number N s t h e  s c a t t e r -  
K 

ing efficiency Z e  '' t akes  the f o r m  
P 

Q, Li 

) s in  ( - 2 

3 2 
TI  

i = l  Qi Li 

( -  l2 
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THEORY OF BRILLOUIN SCATTERING 567 

1X. ACOUSTIC D I S P E R S I O N  O F  THE SCATTERING EFFICIENCY 

it a p p e a r s  f r o m  the  p receed ing  a n a l y s i s  that  the  s c a t t e r i n g  ef-  

f i c i ency  Z y  ’‘ genera l ly  i s  a nont r iv ia l  function of t he  acous t i c  

wave v e c t o r ,  a s  well  a s  of the  incident and  s c a t t e r e d  opt ica l  

wave vec to r s .  A quantitative study of t he  f i r s t - o r d e r  changes  of 

Z‘” around a se l ec t ed  wave vec to r  K i s  based  on the  v e c t o r i a l  

acous t ic  d i spe r s ion  of the  s c a t t e r i n g  efficiency,?: ’, defined by 

v 

3 

P 

wri t ing  Eq.  ( 52 ) on the f o r m  

i t  i s  obvious tha t  the  vec to r i a l  p r o p e r t i e s  of the  d i s p e r s i o n  e f f ec t s  

can  be obtained by ca lcu la t ing  the  acous t i c  g roup  ve loc i ty  3’ = 

+ u  3 vi;it 
g 

of t he  mode P ,  K .  By in t roducing  s p h e r i c a l  coord ina te s  

( K ,  H ,  r+ ) the f r equency  d i s p e r s i o n  c a n  be w r i t t e n  on the  f o r m  

and t h e  angular  d i s p e r s i o n  in  2 d i r ec t ion  g iven  by the  unit vec to r  

f i ~  A n t ( x t  * X K  = O ) a s  fo l lows  
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The se t  of mutually perpendicular  unit v e c t o r s  appropr ia te  to 
A f i  ,- 

‘p‘ spher ica l  coordinates  have been denoted by n K ,  n o ,  a n d z  

In s t rong  piezoelectr ic  semiconductors  l ike ZnO and CdS 

angular d i spers ion  effects can  be significant because of the an-  

gular  d i spers ion  of the acoust ic  wave propagation which is  in-  

duced by e las t ic  an iso t ropies  and by phonon-conduction e lec t ron  

interact ion 17, 18 1 
The basic  and numerical ly  appreciable  difference between 

the fac tor  ( dC’ 
P 

ducting c r y s t a l s  is contained i n  the d ispers ion  of the m a t r i x  e l e -  

/ds23/Zi ” i n  nonconducting and semicon-  

ment Gz*’, i . e .  in  [ 1 9 1  

( 5 6 )  

el-ph. 
and in  the frequency d ispers ion  of the damping coefficient r 

X. DETERMINATION OF ELECTRONIC TRANSPORT PROPERTIES 

In t h i s  sect ion some possibi l i t ies  of determining cs u ( C 1 , ” K )  eff 
f r o m  phase-matched Bri l louin-scat ter ing m e a s u r e m e n t s  a r e  out- 

lined. 

In the genera l  c a s e ,  the m a t r i x  e lement  in Eq. ( 50 ) is 

composed of contributions from the  d i rec t  photoelastic effect ,  
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569 THEORY OF BRIUOUIN SCATTERING 

the  s c r e e n e d  ind i r ec t  photoe las t ic  e f fec t ,  and  f r o m  the  f r e e -  

c a r r i e r  dens i ty  wave. However ,  by us ing  l i n e a r l y  po la r i zed  in -  

cident l ight i t  i s  i n  many  c a s e s  poss ib l e  because  of ( i ) di f fe ren t  

light po la r i za t ion  changes ,  ( i i  ) an i so t ropy  e f f ec t s ,  o r  ( i i i  ) di f -  

f e ren t  l ight f r equency  dependence  to  s e p a r a t e  the  s c a t t e r i n g  f r o m  

t h e  t h r e e  e f fec ts .  

F r o m  the  R r i l l o u i p s c a t t e r i n g  m e a s u r e m e n t s  one  d e t e r m i n e s  

N R  in  gene ra l  only a combina t ion  of the  real ( U  

( z:ff ) p a r t  of t h e  a p p r o p r i a t e  e f fec t ive  a c  conductivity.  However ,  

s ince  the  r e a l  and i m a g i n a r y  p a r t  of t he  conductivity a re  l inked  v i a  

the  wave vec to r  -dependent K r a m e r s  -Kronig  r e l a t ions  a comple t e  

de t e rmina t ion  of 5 

spa t i a l  d i s p e r s i o n  e f f ec t s  can  be neglec ted  t h e  K r a m e r s - K r o n i g  

) and i m a g i n a r y  eff  

3 
(12 ,K)  c a n  i n  p r inc ip l e  be obtained. When eff 

r e l a t ions  t ake  the  s imple  f o r m  

M 

P I  d n '  , 

and 

where  P denotes  the  p r inc ipa l  va lue  of t h e  i n t e g r a l s .  

A .  D o m i n a t i n g  c o n d u c t i o n - e l e c t r o n  s c a t t e r i n g  

In  a s c a t t e r i n g  g e o m e t r y  w h e r e  the  se l ec t ion  r u l e  a l lows  the 

s c a t t e r i n g  f r o m  t h e  f r e e - c a r r i e r  dens i ty  wave  it a p p e a r s  f rom 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
4
:
2
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



570 KELLER 

Eq. ( 50 ) that  t h i s  s ca t t e r ing  dominates  a t  long optical  wavelengths 

s ince p ,  r and p a r e  a lmos t  independent of f requency in  this  range. 

With the 

f r o m  Eqs. ( 49 ) and ( 5 0  ) 

H H  cs 

= gN t icy = ( ~ e f r / ~ o  ) ( C d c / L  ) one obtains  R 

where  the d i spe r s ion  of the phase velocity and of the damping 

coefficient induced by reff (62, K )  a r e  contained in the 0, K-de-  

pendent quantity A. ( C ,  K ). The above equation combined with 

the K r a m e r s - K r o n i g  r e l a t ions  in  pr inciple  enable one to  eva -  

luate  the complex conduc t iv i ty re f f  (R, 2). 

3 4 

N 3 

If the damping of the acoust ic  wave c a n  be neglected,  i. e . ,  
N 

f o r  r i a .  + 0,  the expres s ion  f o r  A. t a k e s  a f o r m  

1 

rJ 3 
which is  independent of oeff  ( S L ,  K ) .  

If the sca t t e r ing  t akes  place f r o m  a the rma l -equ i l ib r ium 

dis t r ibut ion of phonons one h a s  
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THEORY OF BRILLOUIN SCATTERING 5 7 1  

where  kg i s  t he  Bol tzmann cons tan t .  For mic rowave  phonons a t  

room t e m p e r a t u r e  Eq. ( 61 ) s impl i f i e s  t o  1 up 1 = k B T / ( 2  p o C ~  2 2  Vs 1. 
0 

H .  D o m i n a t i n g  p i e z o e l e c t r i c  c o u p l i n g  

I n  the  following we c o n s i d e r ,  under  the  a s sumpt ion  tha t  T = 0 ,  

a few spec ia l  c a s e s .  

When the  s c a t t e r i n g  f r o m  the  t h r e e  e f f ec t s  can  be s e p a r a t e d  

a m e a s u r e m e n t  of the  r a t io  be tween the  sca t t e r ing  efficiency f r o m  

”’ ) and f r o m  t h e  s c r e e n e d  ind i r ec t  effect  

’” ) d e t e r m i n e s  the  t r a n s p o r t  p r o p e r t i e s  v i a  a n  equation of 

P, F C  
the  f r e e  c a r r i e r s  ( T 

( cLL,sI 

the  f o r m  

rc) 

where  the  expl ic i t  e x p r e s s i o n  f o r  Bo,  which a p a r t  f r o m  a s m a l l  

d i s p e r s i o n  of V’ is independent of geff, c a n  be obtained e a s i l y  

f r o m  Eqs.  ( 49 and  ( 5 0  ). If t h e  cont r ibu t ions  f r o m  SI and  F C  

a r e  s e p a r a t e d  by t h e  po la r i za t ion  se l ec t ion  ru l e , sca t t e r ing  with 

a n  incident l ight beam of angu la r  f r e q u e n c y  IL’ s imply  i m p l i e s  tha t  

P 

N B o ( f i ,  2 )  = I F (  2 / ( e O w V ; ; )  2 . 

M e a s u r e m e n t s  of the  sca t t e r ing  e f f ic iency  a r i s i n g  f r o m  the  

eff via s c r e e n e d  ind i r ec t  photoe las t ic  e f fec t  allow 

the  equation 

u s  to eva lua te  
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572 KELLER 

u 3  
w h e r e  the explicit  conductivity-independent expres s ion  f o r  D ( 6 2 ,  K )  

c a n  be obtained f r o m  Eqs. ( 49  ) and ( 5 0  ). 
0 
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